Abstract: A complete collection of two-soliton bound states exhibiting ±π/2, 0, and π phase differences was realized in experiment in a mode-locked erbium-doped fiber laser with a graphene saturable absorber for the first time. The graphene mode-locker possesses modulation depth of about 6% and saturation fluency of about 300 μJ/cm 2 . By carefully adjusting the polarization controller in the laser cavity under appropriate pumping power, diverse soliton molecules with distinct temporal separations and different phase relationships were obtained. Our experimental findings provide clear evidence that stable soliton pairs with ±π/2, 0, and π phase differences can be tightly bounded in fiber lasers as intrinsic attractors, which is independent of cavity details such as the mode-locker we choose. In addition, our numerical simulations unravel the influence of nonlinear properties of a saturable absorber on bound states. It is found that mode-lockers with different modulation depth and/or saturation intensity play a role in interpulse separation and individual pulsewidth of generated soliton molecules while keeping the relative phases between bound solitons unchanged. This paper is instructive to explain current research works on bound states in fiber lasers with sorts of saturable absorbers and is of importance to understand the dissipative dynamics of soliton molecules.
Introduction
As complex dissipative systems, passively mode-locked fiber lasers are highly interesting not only because of their rapidly growing application markets in military, industry, natural sciences, etc. but also due to the diversity of nonlinear interactions among generated multiple pulses and related optical phenomena, which have attracted considerable attention in the past decades [1] - [3] . In particular, soliton molecules are static bound soliton pairs that present invariant characteristic parameters (i.e., fixed interpulse separation and phase relationship) over a large number of round-trips in laser cavities. They hold great potential in applications of high-speed fiber-optic communications [4] - [6] and advanced time-resolved spectroscopy [7] , [8] . They were first found and discussed in theory. Soliton pairs with fixed ±π/2, 0, and π phase differences were considered to exist under the framework of nonlinear Schrödinger equation and complex Ginzburg-Landau equation which govern pulse dynamics in fiber lasers [9] - [12] . Later stable bound solitons exhibiting different phase relationships have been experimentally discovered, for example, by Grelu et al. [13] - [15] and by us [16] . Up till now, richness of soliton molecules in fiber lasers has been achieved in experiment, such as two-and triple-soliton bound states [17] , bound states of twin-pulses [18] , coexistence of bound solitons and single soliton [17] , and so on. The internal motion within ultrafast soliton molecules has been investigated in detail very recently [7] , [8] , contributing vitally to our understanding of the underlying physics.
In spite of abundant discoveries of bound solitons in experiment, a systematic report of soliton molecules exhibiting locked phase relationship of ±π/2, 0, and π respectively in one single laser cavity is still very rare. It is far from being understood what experimental condition determines the phase relationship between generated bound solitons and what limits complete observation of all the four possible phase differences (namely, ±π/2, 0, and π) in soliton molecules. Our first-time systematic collection of such bound states was based on an erbium-doped fiber laser using singlewalled carbon nanotubes for mode-locking [16] , [19] . Recently, many new materials have been successfully applied as saturable absorbers for obtaining bound solitons in fiber lasers, including graphene [20] , topological insulator [21] , molybdenum disulphide (MoS 2 ) [22] , and black phosphorus [23] . Although it is clear that saturable absorbers are of significance to mode-locking of fiber lasers and the properties of generated individual pulses, it is rather unknown what is the exact role of a mode-locker in the generation and the properties of soliton molecules. Especially, it is of topical interest to see if a sole change of the mode-locker may influence the locked phase between bound solitons.
In this work an erbium-doped fiber ring laser in anomalous dispersion regime serves as the platform to observe soliton molecules, similar to that one in [16] . Differently, here we employ multilayer graphene as a saturable absorber. In contrary to single-walled carbon nanotubes in [16] , graphene possesses broadband nonlinear absorption. The modulation depth and saturation fluence differ as well. By replacing carbon nanotubes with a multilayer graphene mode-locker in the conventional soliton cavity, we are capable of controlling the nonlinear absorption while keeping other cavity parameters nearly unchanged. With delicate control of the initial pulse bunching states, we generated many bound soliton states that exhibit different pulse-pulse separations and phase relationships. Indeed we are able to achieve a systematic observation of ±π/2, 0, and π phasedifference soliton pairs. Our experiments provide important hint that the initial conditions are rather essential to generation of soliton pairs with different phase-locked situations, while the mode-locker plays a role in the detailed features of soliton molecules such as pulse-pulse separation. Further numerical simulations were carried out based on modified nonlinear Schrödinger equation with lumped description of functions of discrete intracavity components. It is found that modulation depth and saturation fluence are crucial to impact the interpulse separation of soliton molecules as well as the properties of single solitons. Furthermore, our numerical efforts prove that change of nonlinear absorption does not result in change of the phase relationship between bound solitons, in good agreement with experiment in terms of a complete collection of ±π/2, 0, and π phase-difference soliton molecules in both carbon nanotubes and graphene mode-locked fiber lasers.
Experiment

Experimental Setup and Characterization of our Graphene Saturable Absorber
A fiber ring cavity with anomalous dispersion of about −0.28 ps 2 was built, see Fig. 1 . In detail, a laser diode (LD) with 980 nm emission wavelength serves as our pump laser source. The gain fiber is a 48-cm long erbium-doped fiber (EDF, LIEKKI Er110-4/125, with group-velocity dispersion of 11 ps 2 /km) pumped via a wavelength division multiplexer (WDM). The unidirectional operation of the laser cavity is achieved by a polarization-independent isolator (PI-ISO). A polarization controller (PC) is an important knob here to adjust birefringence and generate kinds of pulse bunching states before obtaining bound solitons. Graphene saturable absorber (G-SA) is followed and acts as a real Fig. 1 . Schematic of the erbium-doped fiber laser for observing kinds of bound states. LD: laser diode; WDM: wavelength division multiplexer; EDF: erbium-doped fiber; PI-ISO: polarization-independent isolator; PC: polarization controller; G-SA: graphene saturable absorber; OC: optical coupler. mode-locker. An optical coupler (OC) with 50% coupling ratio is inserted to ensure sufficient intracavity gain as well as strong output signal for detection and characterization. An optical spectrum analyzer with 0.06-nm resolution bandwidth, a 2-GHz oscilloscope and a 13.6-GHz radio-frequency (RF) signal analyzer with a 2-GHz photodetector, and a second-harmonic-generation autocorrelator are used to characterize the output pulses. The total cavity is about thirteen meters long.
To prepare our mode-locker, multilayer graphene was fabricated using chemical vapor deposition and later transferred onto end-facet of a single-mode fiber. For absorption measurement by spectrophotometer, we put graphene onto a glass slide. The transmittance of graphene alone was extracted based on the transmitted spectrum of graphene onto the slide divided by that of another bare slide. Fig. 2 (a) demonstrates the result, and verifies broadband and flat operating spectral window of graphene in the near infrared region. The high transmission implies that our graphene comprises roughly ten atomic layers, considering nearly 2.3% absorption per layer [24] . Raman spectrum was taken and shown in Fig. 2(b) , which gives the fingerprint feature of graphene. Regardless of the noisy background due to optical fiber, the pronounced G band (1586 cm −1 ) and 2D band (2699 cm −1 ) are clearly visible. Much stronger intensity of 2D band than G band reflects the high quality and the few layers of the prepared graphene saturable absorber. In addition, D band usually located at about 1300 cm −1 is difficult to resolve, which indicates that almost no defect occurs in the graphene lattice.
To characterize the nonlinear absorption of our G-SA, a commercial erbium-doped fiber laser was utilized. It delivers pulse trains at repetition rate of 25 MHz and the full-width at half-maximum (FWHM) of the pulses is 170 fs. The laser beam was split by a 50/50 optical coupler. Fifty percent of the pulse power was impinged to our G-SA, and then the transmitted power was measured by a power meter. The other fifty percent of the pulse power went to another power meter for recording the incident power. By changing incident intensity via an attenuator inserted directly after the laser source, transmittance of our graphene sample as a function of incident average power can be obtained. Fig. 2(c) depicts the results where the transmission has been transformed to absorption (the maximum normalized to unity). It is clear to see that the absorption decreases when increasing power, giving rise to the characteristic parameters of a saturable absorber. By fitting with the formula shown in Fig. 2(c) , we get modulation depth of about 6% and saturation fluence of 329 μJ/cm 2 according to the beam size in a single-mode fiber. The saturable absorption performances of our G-SA are of typical values compared to former researches [25] , [26] .
Experimental Results
In order to observe as many kinds of soliton molecules as possible, we follow the trick in [16] , [19] , namely, carefully adjust the polarization controller under proper pumping power for obtaining closely spaced two-pulse bunching states beforehand. As an example, Fig. 3 shows spectral and temporal features of pulse doublets typically obtained in our laser cavity. The recorded optical spectrum [black solid curve in Fig. 3(a) ] is centered at 1560 nm, and exhibits smooth details without fringes, which implies that there is no coherent interactions between the two pulses. The optical spectrum can be well fitted by square of hyperbolic-secant (sech 2 ) function, except for a slight mismatch due to Kelly sideband (marked by a blue dashed arrow). In addition, the autocorrelation trace in Fig. 3(b) shows only a single peak that can be nicely fitted by sech 2 profile. Both spectral and temporal characterizations indicate operation of the fiber laser in a soliton regime, which is common in an anomalous dispersion laser cavity. The spectral FWHM width is 3.97 nm, and the pulse duration is about 0.74 ps. Therefore the time-bandwidth product (TBP) is 0.36, slightly larger than transform-limited case. In this situation the two little-chirped pulses propagate in the cavity with temporal spacing of about 6.8 ns, as shown in Fig. 3(c) . The round-trip time is equal to 51.3 ns, in good coincidence with the cavity length.
Temporal spacing of two-pulse bunches can be as small as sub-nanosecond sensitive to the PC orientation. Once the two doublets are so close that it is difficult to detect the exact distance between each other by our photonic and electronic instruments, quite frequently the bunching states will transform to bound states under ambient perturbations. Our experiences suggest that it is an important procedure to enable observation of diverse bound solitons which present different phase relationships as well as distinct interpulse separations. The different locked phases can be easily resolved by the modulated optical spectra. Fig. 4 depicts one typical two-soliton bound state of π/2 phase difference. In stark contrast to the case in Fig. 3 , the optical spectrum shown in Fig. 4 (a) exhibits periodic fringes with modulation depth of nearly 100%. The second maximum peak is blueshifted with respect to the highest peak, implying a π/2 phase-locked situation. The modulation period is around 1.9 nm, corresponding to pulse-pulse temporal distance of 4.2 ps. The interpulse separation is also reflected in the autocorrelation trace in Fig. 4(b) . There are three peaks of the same FWHM width, and the intensity ratio of the three peaks is 1:2:1, which concludes that two identical pulses of the same amplitude and the same width are formed within the laser cavity. The FWHM width of one single pulse equals 0.69 ps, under assumption of sech-profiled soliton pulse [see the good agreement between measurement and the fitting result in Fig. 4(b) ]. Hence the ratio of interpulse separation to pulse width (RSW) of the soliton molecules is about 6.1, located in the typical range where direct and strong pulse-pulse interaction occurs via temporal overlap. Such tightly bound solitons are impossible to resolve by our oscilloscope [see Fig. 4(c) ], limited by its bandwidth and the bandwidth of our photodetector. The repetition rate of the output pulse train is 19.5 MHz, which coincides with fundamental mode-locking calculated from the cavity length. The RF spectrum in Fig. 4(d) confirms the repetition rate as well, and shows good stability of the bound state with signal-to-noise ratio of 59.9 dB (resolution bandwidth of 1 Hz was set over span of 1 kHz).
We have succeeded in observing two-soliton molecules with all four eigen phase differences. Fig. 5 illustrates typical results of the bound states exhibiting nearly −π/2, 0, and π relative phases between the two solitons, respectively. In comparison with the bound solitons in Fig. 4 , the two solitons of the bound state in Fig. 5(a) and (b) possess −π/2 phase difference, known by a redshifted second maximum peak relative to the highest peak in the fully modulated optical spectrum. The smaller modulation period (0.62 nm) hints a larger temporal spacing (13.1 ps), and agrees well with the autocorrelation measurement [see Fig. 5(b) ]. At different experimental conditions, in-phase and anti-phase two-soliton molecules were obtained. Fig. 5(c) and (d) depicts the spectral and autocorrelation profiles of one in-phase bound state. The modulated shape of the optical spectrum is symmetrical with respect to the central peak. The spectral modulation period is equal to 0.92 nm, and the pulse-pulse spacing is 8.9 ps. Fig. 5 (e) and (f) illustrates the details of π outof-phase soliton pairs, indicated by the nearly symmetrical optical spectrum at the presence of a central dip in Fig. 5(e) . The spectral fringes are departed from one another by nearly 3.1 nm, and the corresponding temporal distance of two solitons is about 2.6 ps, as shown by the autocorrelation function in Fig. 5(f) . It is interesting to notice that a continuous-wave component is frequently accompanied inside the modulated soliton spectrum [see the sharp and narrow peaks near the center in Fig. 5(a) and (c) ] when the RSW value is large, which means that generation of a stable bound state comprising widely spaced two solitons is usually assisted by some continuous wave, one of the most important media for long-range soliton-soliton interactions.
Similar to the cavity where carbon nanotubes are used as a saturable absorber [16] , environmental perturbations such as thermal fluctuations can influence long-term stability of the generated soliton molecules. Triggered by ambient instabilities, bound states with distinct phase differences and/or temporal spacings can switch from one to another, reflecting robustness of soliton molecules to fit into the environment on the other hand. Although what we observe the most frequently in the fiber laser is π phase locked soliton pairs, we lack sufficient findings to really conclude whether it is the most stable state or not.
Numerical Simulation
Our experimental results shown above provide valuable evidence that replacement of saturable absorber leads to variation of the properties of both individual solitons and bound states in terms of the pulse duration and the interpulse separation, compared to our previous work in [16] . However, it is interesting to note that we are still able to find sufficient bound states which are featured with different phase relationships, namely, ±π/2, 0, and π locked phases between two solitons. To understand this, here we investigate the impact of nonlinear absorption on soliton molecules in detail by numerical calculation. Our simulation is based on lumped description of different components in the laser cavity and employs scalar nonlinear Schrödinger equation when pulses propagate in optical fibers. The detailed simulation procedures and cavity parameters can be found in our recent review paper [19] . Here we focus on the influence solely from our saturable absorber without changing other conditions including cavity parameters and initial noise pulses. The nonlinear absorption of saturable absorber is expressed by α = l 0 (α 0 /(1 + P/P sat ) + α ns ), where loss at low incidence power l 0 = 0.5, modulation depth α 0 = 0.2, and saturation intensity P sat = 20 W. The generated bound solitons are depicted in both time and frequency domain in Fig. 6(a) and (b) respectively (black solid). We can see from Fig. 6 (a) that two identical pulses are present with equivalent intensity and duration. They are mirror symmetrical with respect to each other in the time window. The deviation from sech-profiled soliton is due to pronounced wings on the trailing edges which are vital to strong interpulse interaction (marked by blue circles). The pulse separation is 0.69 ps in this case, in good agreement with the periodic fringes in Fig. 6(b) that exhibit a period of about 11 nm. The antiphase relationship of the two solitons is reflected by the optical spectrum, where the symmetrical profile is clearly seen with respect to the central dip. The opposite relative phase between the two solitons can be recognized as well when we examine the phase information of the bound pulses in simulation (not shown here). Now we change modulation depth α 0 from 0.2 to 0.1, without changing saturation intensity. To ensure coexistence of two pulses in the cavity, sufficient net intracavity gain is necessary. For this purpose we adjust linear loss l 0 . Interestingly, the less nonlinear property of the saturable absorber results in less bound soliton molecules, as shown by the red dashed curves in Fig. 6(a) and (b). It seems that a saturable absorber offers an attractive force in anomalous dispersion regime, similar to nonlinear Kerr effect [19] . Therefore less nonlinearity from the saturable absorber leads to increase of the interpulse separation. Also the wings on the edges possess less energy in the loosely bound state. The larger temporal spacing agrees with the smaller modulation period in the optical spectrum, compared to the case α 0 = 0.2. Note that the pulse duration is increased from 0.15 ps to 0.17 ps, corresponding to narrower width of the envelope of the optical spectrum, since the solitons are almost chirp-free. The most important hint here is that although the SWR of the bound state has changed, the π out-of-phase situation is exactly maintained.
Similarly, when we change saturation intensity P sat from 20 W to 50 W [from black solid to red dashed curves in Fig. 6(c) and (d) ], the newly generated bound soliton pairs are separated more away from each other, accompanied by less pronounced trailing wings [see Fig. 6(c) ]. The pulse duration is increased as well, in agreement with the smaller FWHM width of the envelope of the optical spectrum in Fig. 6(d) . In addition, regardless of the altered modulation period in optical spectrum, the symmetrical fringes relative to the central dip help us to infer again unchanged π phase-difference relationship between the two identical solitons.
We have performed a series of calculations which allow modulation depth α 0 to range from 0.1 to 0.3 (step size of 0.05) or saturation intensity P sat to range from 20 W to 70 W (step size of 10 W). Usually the simulation results exhibit that smaller modulation depth or larger saturation intensity leads to wider interpulse separation and larger pulse duration (details not shown here). It can be understood by assuming decrease of attractive force as well as less powerful pulse shaping capability from the mode-locker in the case of weaker nonlinear absorption [27] . Note that sometimes they do not behave monotonically since we always have to adjust the linear loss l 0 to guarantee sufficient gain, by which the nonlinear Kerr effects in other optical fibers may change as well. Therefore a precise disentanglement of the impact from the saturable absorber is impossible. Nevertheless, all our numerical efforts enable the conclusion that change of saturable absorption properties such as modulation depth and saturation intensity does not lead to change of locked phase difference of the bound solitons. It seems that the generated soliton molecules exhibit phase relationship more sensitive to the parameters of initial noise pulses, which guide the dissipative processes to reach one destination of all possible attractors.
Conclusion
In summary, two-soliton molecules with ±π/2, 0, and π locked phase relationships in an anomalous dispersion fiber laser using graphene saturable absorber have been systematically investigated in experiment. As a broadband mode-locker, multilayer graphene serves as effective nonlinear medium which enables us to observe a plethora of soliton bound states in fiber lasers. In combination with our previous study on carbon nanotubes based mode-locked fiber laser with similar scheme, we are able to extract the unique impact of nonlinear absorption on bound solitons. It is found that the presence of soliton molecules with distinct phase differences is independent of mode-locking techniques, although their interpulse separation and pulse duration are sensitive to nonlinear properties of the saturable absorbers such as modulation depth and saturation intensity. Further numerical simulation has been carried out by using lumped description of discrete fiber components and employing modified scalar nonlinear Schrödinger equation. Our numerical results unravel that change of saturable absorption properties does not lead to change of the phase relationship of obtained bound states, which is indeed in good agreement with our experimental discoveries. The characteristic parameters including soliton-soliton temporal spacing and individual pulse width as a function of saturable absorption properties have been numerically addressed as well, which has enriched our current understanding of dissipation nature of passively mode-locked fiber lasers. Our research is helpful to interpret the successful observation of different bound solitons in fiber lasers using kinds of saturable absorbers, coinciding with recent reports by other groups. Moreover, our demonstration of various stable soliton molecules provides instructive complements for developing large-capacity fiber optic communications and exploiting multi-soliton applications related to complex dissipative dynamics.
